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Abstract
We consider the model of viscous compressible homogeneous
multi-fluids with multiple velocities. We review different
formulations of the model and the existence results for
boundary value problems. We analyze crucial mathematical
difficulties which arise during the proof of the existence
theorems.
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1 Introduction
Since the publication of our preceding review [4] 3 years ago an essential
development has been achieved in the solvability theory for the equations of
motion of multi-fluids, at least for one of the directions described in [4]. In the
article, we give a description of the corresponding class of problems and give
the formulations of the obtained results.
The work is written after the report made at the 8th International Scientific
School-Conference of Young Scientists “Theory and Numerical Methods of
Solving Inverse and Ill-posed Problems” (Novosibirsk, 1-7 September, 2016),
the presentation of the report is available at the link [8].
2 The model of multi-fluids with multiple
velocities
We do not go into details here explaining the formulation of the equations of
viscous compressible homogeneous multi-fluids with multiple velocities, because
it is described in [4] as well as in the papers which contain the corresponding
solvability results (the references are given below). Let us immediately write
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down the final formulation of the corresponding system of PDEs:
∂ρi
∂t
+ div (ρiui) = 0, i = 1, . . . , N, (2.1)
∂(ρiui)
∂t
+ div (ρiui ⊗ ui) +∇pi = div Si + J i + ρif i, i = 1, . . . , N. (2.2)
Here ρi is the density of the i-th component (constituent) of the multi-fluid
(totally N components are present), ui is the velocity field, pi is the pressure,
Si is the viscous stress tensor, the vectors J i =
N∑
j=1
aij(uj − ui) are responsible
for the intensity of the momentum exchange between the constituents of the
multi-fluid, and the vectors f i are known fields of external body forces. The
viscous stress tensors Si are defined by the equalities
Si =
N∑
j=1
Ŝij, Ŝij =
(
2µijD(uj) + λij(divuj)I
)
, i, j = 1, . . . , N, (2.3)
where D(v) = ((∇⊗ v) + (∇⊗ v)∗)/2 is the rate of deformation tensor of the
vector field v, I is the identity tensor, and the viscosity coefficients compose the
matrices
M = {µij}
N
i,j=1 > 0, H = Λ+
2
3
M > 0, Λ = {λij}
N
i,j=1. (2.4)
Generally speaking, the pressures pi depend not only on ρi, but also on
other thermodynamical variables (say, temperatures), so that the system (2.1),
(2.2) must be complemented by the equations for these variables. The resulting
system describes motions of heat-conductive multi-fluids and, strictly speaking,
it is this system that is consistent thermodynamically. This system was the
subject of some existence results [3], [5] (oddly enough, the theory for the
barotropic system (2.1), (2.2) is less developed). However, the formulated model
presents essential difficulties which lead to restrictions on the structure of the
total viscosity matrixN = Λ+2M = {νij}
N
i,j=1. From the mathematical point of
view, the only interesting case is that of non-diagonal viscosity matrices (which
corresponds to the presence of the viscous friction between the constituents of
the multi-fluid), when the interpenetration of the higher-order terms takes place
in the equations (2.2), and the theory does not follow from the corresponding
theory of mono-fluids (i. e. from the usual NS or NSF theory). In the framework
of the complete multiple-velocities statement, posed in (2.1), (2.2), global
existence results are obtained only for triangular matrices N (the structure
of the matrices Λ and M is irrelevant). On the other hand, physical arguments
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lead to the symmetry of the viscosity matrices. Hence, the results completely
reasonable in the physical sense are obtained only in the less interesting case
of diagonal matrices N. Thus, further development of the mathematical theory
of multi-fluids with multiple velocities (which would agree with the physical
sense of solutions) is limited by essential mathematical difficulties, and maybe
it requires correcting the model itself. More detailed description of the problem
may be found in [4].
Recently we discovered a variation of the model (2.1), (2.2), in which
the difficulties described above can be overcome, and all restrictions on the
structure of the viscosity matrices can be removed, except physically necessary
conditions (2.4). The corresponding results refer to the barotropic case, i. e. to
the (modified) system (2.1), (2.2), in which every pi depends only on ρi. The
exact formulation of the model is presented in the next Section.
3 Model with common material derivative
operator and common pressure
Let us make the following corrections and accept the following additional as-
sumptions for the system (2.1), (2.2):
• The velocities ui of the constituents in the convective terms, more exactly,
in the material derivative operators
d
dt
=
∂
∂t
+ui · ∇, are replaced by the
average velocity v of the multi-fluid.
• The pressures in all constituents are equal to each other: pi = p,
i = 1, . . . , N , and this common pressure depends only on the total density
ρ =
N∑
i=1
ρi of the multi-fluid.
This leads to the following system of equations
∂ρi
∂t
+ div (ρiv) = 0, i = 1, . . . , N, (3.1)
∂(ρiui)
∂t
+ div (ρiv ⊗ ui) +∇p(ρ) = div Si + ρif i, i = 1, . . . , N, (3.2)
instead of (2.1), (2.2). We have also eliminated the terms J i, which is in full
accord with the idea of closeness of ui to each other. That is what the first of
the above assumptions is based on (though, retention of J i would not create any
mathematical difficulties). The second assumption is quite popular in the theory
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of mixtures (see more details e. g. in [7], [12]). The relations (2.3) and (2.4) hold
true, no additional restrictions being necessary for the viscosity matrices apart
from (2.4). In order to make the system (3.1), (3.2) closed, it is left to specify the
representation of the average velocity v as a function of the velocities ui of the
constituents. For the sake of simplicity we assume the relation v =
1
N
N∑
i=1
ui,
but it is possible to consider more general and physically adequate versions
in which the relative concentrations of the constituents would be taken into
account.
It is possible to rewrite the system (3.1), (3.2) in terms of concentrations
αi = ρi/ρ, i. e. to replace the equations (3.1) by their sum (the equation for ρ)
and transport equations for all concentrations αi except one (say, αN). It is
interesting to note that these two versions of writing down are completely
equivalent in the unsteady case, whereas in the steady case there arise additional
difficulties concerning the normalization of the constituents masses and the
uniqueness of solution. It is possible to observe this problem in more detail
in [6], where the steady system (3.1), (3.2) is studied exactly in terms of
concentrations. We are not aware of a well-posed formulation of the steady
problem (3.1), (3.2), i. e. such formulation, in which the unique definition of the
densities ρi in the steady state ui = 0 would be provided. The problem is in the
difference between the unsteady case, where the mass of each constituent and
its distribution in the flow domain are uniquely defined by the initial data, and
the steady state (which is understood as the limit state after the stabilization
of an unsteady flow), in which it is not clear how the unsteady distributions
of the densities are inherited. Formally, the stabilization leads to the relations
v · ∇αi = 0 for the concentrations αi, which would be the source for their
determination, but these relations are inconvenient as regards mathematics.
We can formulate the initial boundary value problem for the system (3.1),
(3.2) to describe unsteady flows in a bounded domain Ω ⊂ R3 and prove the
global existence theorems of weak solutions in the cylinder QT = Ω× (0, T ) for
arbitrary T > 0. In the polytropic case p = Kργ , γ > 3/2, it is made in [7], and
this result is generalized in [12] for the case of quite arbitrary dependence p(ρ).
We can formulate the boundary value problem for the steady system
div (ρiv) = 0, i = 1, . . . , N, (3.3)
div (ρiv ⊗ ui) +∇p(ρ) = div Si + ρif i, i = 1, . . . , N (3.4)
to describe steady flows in a bounded domain Ω ⊂ R3 and prove the existence
theorems of weak solutions. In the polytropic case p = Kργ , γ > 3/2, it is made
in [6], and this result is generalized in [9], [10] for the case of quite arbitrary
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dependence p(ρ). Though, as it is mentioned above, in [6] rather a different
statement of the problem is considered.
Let us note that the assumptions written down at the beginning of the
Section were first used in [15] in the model case of equal densities of the
constituents.
Below we give short comments on the main difficulties which we come across
during the proof of solvability of boundary value problems for the systems
(2.1), (2.2), or (3.1), (3.2), or (3.3), (3.4), and on the difference between these
difficulties and the corresponding aspects of the mono-fluid theory.
4 Approximate solutions and compactness
The proof of solvability for the boundary value problems mentioned in the
preceding Section is made via the scheme similar to that in the mono-fluid
theory, described in [1], [13]. We do not reproduce here this scheme in full (it
is partially described in the next Section), but just say that the solutions to
the corresponding approximate problems are constructed, for which we obtain
estimates uniform with respect to the approximating parameters, and, basing on
these estimates, we deduce the weak convergence of the approximate solutions
to some limits, which are going to be the solutions to the original problem.
Thus, to within the terms inserted into the approximate equations, which as
usual do not constitute difficulties greater than the terms permanently present
in the (original) equations, the problem is reduced to the limit in the equations
which look no different from the original ones.
In other words, the problem is reduced to the proof of the following
conditional result. We assume that there is a sequence of solutions to the original
problem (and they satisfy a priori estimates which provide weak convergence
to some limits, after the necessary selection of a subsequence). It is required
to prove that these limits themselves are a solution to the same problem.
This is exactly what is called the compactness property of the set of solutions
(relative compactness follows from the estimates, and the problem essence is in
the closedness). If this kind of result is proved then the proof of the existence
theorem is reduced to a skilled construction of approximate solutions in such a
manner that would prevent appearance of new essential difficulties except for
those that were overcome during the proof of the compactness of the solution
set.
Such technique of constructing approximate solutions is well developed in
the theory of viscous compressible mono-fluids, but it is not transportable
completely and/or automatically to the multi-fluid case. The same concerns
the crucial point in the proof of the compactness of the solutions set, that is the
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effective viscous flux technique. Thus, our goal would be to describe two kinds
of difficulties and their solutions:
• peculiarities which arise in the analysis of the effective viscous fluxes of
the multi-fluid constituents,
• new effects which arise in the approximate equations of multi-fluid
motions.
The corresponding comments are given in the two following Sections.
5 Effective viscous fluxes and mixed products in
the multi-fluid equations
Similarly to mono-fluids, let us call the values Fi = pi −
N∑
k=1
νikdivuk effective
viscous fluxes of the multi-fluid constituents. In contrast with mono-fluids,
in which this flux is unique, here we have N fluxes, separate ones for each
constituent. By way of illustration let us first deal with these values in the case
of the steady version of the system (2.1), (2.2) (i. e. the version in which the
terms containing the derivatives with respect to t are rejected) and its modified
version (3.3), (3.4). The unsteady version adds some peculiarities which would
be commented on in the next Section. We omit technical details of justifying
some operations, implying them valid. So then, let us consider an assumed
solution to the system
div (ρiwi) = 0, i = 1, . . . , N, (4.1)
div (ρiwi ⊗ ui) +∇pi = div Si + zi + ρif i, i = 1, . . . , N, (4.2)
in which wi = ui, zi = J i for the original model, and wi = v, zi = 0,
pi = p for the modified model. The boundary conditions are accepted in the
form ui|∂Ω = 0. It is necessary to justify the weak limit in the written system,
and the unique difficulty is contained in the terms pi: after the limit they turn
into pi (here and below the bar denotes the weak limit), and it is necessary to
justify the equalities pi = pi.
For all smooth functions τ and for all i, j = 1, . . . , N we have the identities
div
(
Si(∆
−1ρj)∇τ + Siτ∇∆
−1ρj − divSi · τ∆
−1ρj
)
=
= Si : (∇⊗ [(∆
−1ρj)∇τ ]) + Si : (∇⊗ [τ∇∆
−1ρj ])− (divdivSi)τ∆
−1ρj,
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which turn into the relations
Si : (∇⊗ [(∆
−1ρj)∇τ ]) + Si : (∇⊗ [τ∇∆
−1ρj])
Ω
∼ (divdivSi)τ∆
−1ρj , (4.3)
provided that τ ∈ C∞
0
(Ω), where
Ω
∼ stands for equalities to within terms disap-
pearing after the integration over Ω. Let us note that divdivSi =
N∑
k=1
νik∆divuk.
Multiplying (4.2) by τ∇∆−1ρj and taking into account (4.3), we obtain the
relations
τρjFi
Ω,τ
∼ −τ(ρiwi ⊗ ui) : (∇⊗∇∆
−1ρj)− τ(zi + ρif i)∇∆
−1ρj , (4.4)
where
Ω,τ
∼ stands for equalities to within terms disappearing after the integration
over Ω and/or containing the derivatives of τ and hence being lower-order with
respect to the unknowns (and hence constituting no difficulties during the limit,
i. e. disappearing in communicative relations). Let us accept below τ = 1 (in
fact, this means additional work with lower-order terms, which does not present
difficulties, and further limit τ → 1).
Let us introduce into consideration the operator Comm which acts as2
Comm(a, b) = (∇⊗∇∆−1a)b− a(∇⊗∇∆−1b).
Then we obtain by definition
Comm(ρiui, ρj) = (∇∆
−1div (ρiui))ρj − (∇⊗∇∆
−1ρj)ρiui, (4.5)
and hence, since the operator ∇⊗∇∆−1 is self-conjugate, we deduce
wi·Comm(ρiui, ρj)
Ω
∼ ρiui·∇∆
−1div (ρjwi)−(ρiwi⊗ui) : (∇⊗∇∆
−1ρj). (4.6)
Now, due to (4.1) and (4.5), the relations (4.4) take the form
ρjFi
Ω,τ
∼ wi · Comm(ρiui, ρj)− (zi + ρif i)∇∆
−1ρj . (4.7)
The right-hand sides of these relations do not contain products of weakly
convergent values, except the bilinear form Comm, which is known to survive
the weak limit. Hence (4.7) lead to the communicative relations
ρjF i
Ω
∼ ρjFi, i, j = 1, . . . , N. (4.8)
2The operator Comm maps scalar functions into symmetric second rank tensors. Acting
of this operator on non-scalar arguments implies the sum via some indices, and there is no
necessity to specify these indices because of the symmetry. Thus, if Comm acts on vector-
valued functions, the operator ∇⊗∇∆−1 is understood as ∇∆−1div.
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In order to prove the relations pi = pi, it suffices to exclude the velocities from
(4.8), and after that we can use standard arguments based on the monotonicity
of the pressure(s) as (a) function(s) of the density(-ies). For instance, it would
be sufficient to prove the relations
N∑
k=1
νikρjdivuk
Ω
∼
N∑
k=1
νikρjdivuk (4.9)
at least for certain i, j (in the case of the original model (2.1), (2.2) it would
be sufficient to consider i = j). However, generally, the proof of (4.9) is
inconvenient. The renormalization of the equations (4.1) leads to the relations
ρidivwi
Ω
∼ 0, i = 1, . . . , N , from which it follows that
ρidivwi
Ω
∼ ρidivwi. (4.10)
The following variants of further argument are possible:
• Let us consider the original model (2.1), (2.2), then (4.10) look as
ρidivui
Ω
∼ ρidivui. If the matrix N is diagonal, then we obtain
immediately (4.9) for all i = j, and hence ρipi
Ω
∼ ρipi for all i, which leads
to the strong convergence of the densities. If the matrix N is triangular
(say, upper triangular), then we first obtain the strong convergence of only
one density (say, ρN), but further we use similar arguments to consider all
densities step by step. This scheme is used in [3] and [5]. For matrices N
of a general form there appear difficulties which are noticeable in the
argument above, they were also discussed in [4].
• Let us consider the modified model (3.3), (3.4). Summing (4.10) over
i = 1, . . . , N , we obtain ρdiv v
Ω
∼ ρdiv v, and after the summation of
(4.8) over j = 1, . . . , N we come to the relations ρF i
Ω
∼ ρFi, from which,
due to the preceding relation, the velocities can be excluded, and finally
ρp
Ω
∼ ρp, which leads to the strong convergence of the density. Such scheme
is used in [7], [6], [12], [9], [10], [15].
The arguments above show a fundamental difference between multi-fluids
and mono-fluids, namely, the presence of the mixed products of the form
ρidivuj, which are impossible to analyze with the use of the continuity equations
(4.1). Hence, in order to apply the effective viscous flux technique, additional
tricks or assumptions for the model are required.
One more peculiarity appears in the proof of the compactness for sufficiently
small γ (i. e. the rate of growth of the pressure(s) close to ρ3/2 or ρ
3/2
i
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respectively). In that case not the functions ρ and ρi are used in (4.10), but
their cut-offs Tr(ρ) or Tr(ρi). The cut-off function Tr(s) = sχs<r(s) + rχs>r(s)
is nonlinear, hence (4.10) with Tr(ρ) could not be derived via the summation
over i (however, such relation could be derived via direct renormalization of the
equation for the total density). Correspondingly, instead of (4.8), one should
derive the relations in which the corresponding cut-off (Tr(ρi) in the original
model or Tr(ρ) in the modified one) is taken instead of ρj , since the summation
over j do not lead to the desired result either.
6 Unsteady problems
Let us comment on the peculiarities which arise in the proof of the compactness
of the solutions set for the system
∂ρi
∂t
+ div (ρiwi) = 0, i = 1, . . . , N, (5.1)
∂(ρiui)
∂t
+ div (ρiwi ⊗ ui) +∇pi = div Si + zi + ρif i, i = 1, . . . , N (5.2)
in comparison with (4.1), (4.2). The sense of the values wi, zi and pi, as well
as the boundary conditions, remain the same.
Let us multiply (5.2) by ψτ∇∆−1ρj , where ψ ∈ C
∞
0 (0, T ), and use (4.3)
again. This leads us to the relations similar to (4.4), but with the following
differences:
• the factor τ is substituted by ψτ ,
•
Ω,τ
∼ is substituted by
QT ,τ,ψ∼ , which means equalities to within terms disap-
pearing after the integration over QT and/or containing the derivatives of
τ and/or ψ (with a similar effect),
• the following term is added to the left-hand side (and it may be trans-
formed using (5.1) and the fact that the operator ∇ ⊗ ∇∆−1 is self-
conjugate):
−
∂(ρiui)
∂t
ψτ · ∇∆−1ρj
QT ,τ,ψ∼ ρiuiψτ · ∇∆
−1
∂ρj
∂t
QT ,τ,ψ∼
−ψτρjwj · ∇∆
−1div(ρiui).
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On the other hand, instead of (4.6), we use the identities
wi·Comm(ρiui, ρj)
Ω
∼ ρjwi·∇∆
−1div(ρiui)−(ρiwi⊗ui) : (∇⊗∇∆
−1ρj), (5.3)
in other words, we use (4.5) in the original form, without the transfer of the
operator ∇⊗∇∆−1 from ρjwi to ρiui.
As a result, instead of (4.7), we obtain the relations (we set again τ = 1 and
similarly ψ = 1)
ρjFi
QT ,τ,ψ∼ wi · Comm(ρiui, ρj)− (zi + ρif i)∇∆
−1ρj+
+ρj(wj −wi) · ∇∆
−1div(ρiui),
(5.4)
The last term disappears for the modified model, and (5.4) turns into (4.7). For
the original model, we take only j = i, that gives (4.8) for all i = j, and it
suffices.
Further argument (during the proof of the compactness of the solutions
set) differs from that described in Section 4 only in typical difficulties which
distinguish unsteady problems from the steady ones, and which are not a subject
of our paper. In other words, the text of Section 4 starting from the relations
(4.8) and up to the end remains the same for the unsteady case.
During the constructing of the approximate solutions, there arise additional
difficulties related to the estimates and convergence of the mixed products of
the form ρiuj, which are impossible to analyze via the momentum equations
(4.2). This leads to the necessity of estimation of the ratios ρi/ρj , see the details
e. g. in [7], [12].
7 One-dimensional problems
In spite of the essential progress in the multidimensional viscous gas theory,
the one-dimensional theory with its apex in 1970-80s, did not lose its relevance
up to now. This is due to at least two factors. Firstly, the multidimensional
existence theorems concern only weak solutions, whose regularity is not sufficient
even for the uniqueness; smoothness increase is hindered by serious obstacles.
Secondly, the difficulty of multidimensional problems eclipses the study of
many qualitative properties of solutions, as well as related problems including
modeling; this gives researchers the right to consider the corresponding questions
first in the one-dimensional case. Hence, whereas in the solvability theory for the
main boundary value problems of the viscous gas there was a shift of emphasis
from the one-dimensional case to the multidimensional one already two decades
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ago, in many other domains of the theory, the one-dimensional problems stay
at the forefront.
Everything mentioned above concerns multi-fluids as well. As it is clear
from the paper, the solvability theory for multi-fluids is now comparable with
that for mono-fluids. At the same time some problems appeared concerning
multi-fluids specifically and distinguishing them from mono-fluids. A logical
thing to do would be to study the equations of one-dimensional motions of
homogeneous viscous compressible multi-fluids with multiple velocities starting
with the existence and uniqueness theorems for boundary value problems with
a view to using it as a basis for studying the statement of the problems and
studying properties of solutions with a possibility of transferring the results
on the multidimensional motions. As well as in the multidimensional case, the
classical one-dimensional results for mono-fluids cannot be reproduced for multi-
fluids automatically, in particular, due to essentially different structure of the
viscous terms, namely, the presence of non-diagonal viscosity matrices; this
difference in difficulty does not depend on the dimension of the flow. Thus, the
problem under consideration is a vivid example of the role of one-dimensional
theory: we temporarily put aside some difficulties (related to the dimension
of the flow), and concentrate on the difficulties which do not depend on this
dimension.
Well-posedness for the one-dimensional multi-fluid model with diagonal
viscosity matrices was studied in [2], [14]. In the paper [11] we started to study
the one-dimensional solvability theory for the case of the viscosity matrices of
an arbitrary structure. The nearest goal is to bring the condition of the one-
dimensional solvability theory for multi-fluids to the state comparable with that
for mono-fluids, i. e. to prove the global existence of smooth solutions to the
main boundary value problems.
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